The rotation-free or RF element method represents a non-conventional finite element method in which the rotations are not used as dofs and the element interpolation domains are overlapping. Its obvious advantage is that the complication of finite rotations can be avoided. In this paper, the relatively unexplored RF plane beam element recently formulated by the authors in the course of developing a RF triangle for thin-shell analyses is revisited. Comparing with other RF plane beam elements, the present one is simple and physical yet its accuracy remains competitive. Using a corotational approach and the small strain assumption, its tangent bending stiffness matrix can be approximated by a constant matrix which does not require updating in geometric nonlinear analyses. The element is here extended to spatial cable analyses in which the torsional stiffness can often be neglected and the sectional properties are isotropic. Under the same nodal distributions, it is seen that the present element can tolerate much larger load increment and time step under static and dynamic analyses, respectively, than the two-node thin beam finite element.
INTRODUCTION
Rotation-free or RF element method has attracted considerable attention in the last two decades. An obvious advantage of the method is that it simplifies the kinematic description under finite rotations.
While the focus of the method is on RF triangular plate/shell elements [1] [2] [3] [4] [5] [6] [7] , the RF beam elements are relatively unexplored until more recently. In the RF element, its interpolation domain is larger than its integration domain which is referred to as "element" for simplicity. In other words, not only the nodes within but also adjacent to the element are employed in the displacement interpolation.
Phaal & Calladina [1] developed a RF beam element based on the quadratic interpolation. Three nodes are used to construct the displacement from which a constant curvature can be derived, see Figure 1 (a). To the best knowledge of the authors, this straight forward linear straight beam formulation was not extended to curved beam and nonlinear analyses. Flores & Oñate [8] presented RF elements for nonlinear analyses of plane beams and axisymmetric shells with special emphasis on treating non-smooth and branching beams. With respect to Figure 1 (b), 1-2, 2-3 and 3-4 are treated as straight and their directors (n 12 , n 23 and n 34 ) after deformation are computed accordingly in Reference [8] . Based on the displaced directors, the curvatures at nodes 2 and 3 are determined and linearly interpolated for the element bounded by the two nodes. Oñate & Zarate [9] later included the transverse shear deformation into the formulation by introducing shear angle dofs. On the other hand, Battini [10] proposed a RF co-rotational plane beam element. The element again relies on four nodes and the co-rotational frame is aligned with nodes 2 and 3. Using nodes 1 to 4 and nodes 1 to 3, cubic and quadratic local deflections are interpolated, respectively. The local rotation at node 2 is taken as the average rotations derived from the two deflections. Similarly, the local rotation at node 3 can be derived. Using the local rotations and the zero local deflections at the two nodes, another local cubic transverse deflection is derived for the element bounded by nodes 2 and 3.
Very recently, the authors have formulated a RF plane beam element in the course of developing a RF triangle plate/shell element [11] . The formulation can be regarded as an extension of the simple RF beam element of Phaal & Calladina [1] to the curved beam and geometric nonlinear analyses. Comparing with other RF beam elements, the present one is simple and physical but its accuracy is competitive. Using a corotational approach and the small strain assumption, its tangent bending stiffness matrix can be approximated as a constant matrix which does not require updating in a geometrically nonlinear analysis. It is particularly suitable for efficient analysis of highly geometrically nonlinear problems. Cables, which are used in cable-supported bridges and roofs, are typical examples [12] . In computational analysis of cables, linear and higher order line finite elements [13, 14] , catenary finite elements [12, [15] [16] [17] [18] and, of course, beam finite elements can be employed. As the catenary elements combine the analytical catenary expressions with the numerical method, they can yield accurate static predictions by using very few elements.
Nevertheless, there are a couple of drawbacks in the line and catenary elements. Firstly, they concern only the axial force and the bending effect is ignored. This is justifiable in most but not all cases. For example, Irvin [19] account. However, in their formulation, not only the nodal coordinates but also the slopes of the coordinates need to be taken as the nodal dofs. For 3D analysis, each node carries 12 dofs. The formulation is complicated and the computational effort is considerably large.
In the present paper, the RF beam element proposed in Reference [11] will be re-visited and applied to the cable applications. The outline of this paper is as follows. The examples presented here are markedly different in nature from the two in Reference [11] . They include constrained and folded beams which have also been considered by other RF beams. Our RB beam is indeed comparable to those published by the others in accuracy yet its formulation is much simpler. In Section 6, a pseudo 3D RF beam element is newly developed and employed in cable analyses as presented in Section 7. Under the same nodal distributions, it can be seen that the present element (with only translational dofs) can tolerate much larger load increment and time step under static and dynamic analyses, respectively, than the two-node thin beam finite element (with translational and rotational dofs).
LINEAR FORMULAION
In this section, the plane RF beam element formulated very recently by the authors in the course of developing a RF triangle [11] is briefly reviewed. We shall restrict the use of the term "segment" to the beam length between two consecutive nodes along a beam.
The RF Element & Its Interpolation Domain
As mentioned above, the interpolation domain is generally larger than the integration domain (also called as element domain). For the present RF formulation, the integration domain is a nodebased domain. For a straight beam as shown in Figure 1 (a), the integration domain covers the range from the middle point of segment 1-2 to the middle point of segment 2-3, i.e., (X 1 + X 2 )/2  X  (X 2 + X 3 )/2. The corresponding interpolation domain covers the range from Node 1 to 3. Three nodes are involved and can be used to construct the interpolation.
Similarly, for a curved beam as shown in Figure 2 , the integration domain is from the middle point of segment 1-2 to the middle point of segment 2-3 while the interpolation domain covers the range from Node 1 to 3. It is noted that the middle points of curved segments 1-2 and 2-3 are difficult to determine. The curved segments are firstly projected onto the straight line 1-3 and then the middle points of the projected segments are used to help the determination of the integration domain as shown in the figure. 
Formulation of Straight RF Beam
Figure 1(a) shows an initially straight beam. The following quadratic polynomial can be interpolated for the transverse displacement W in the interpolation domain [1] , i.e.
where W i and X i denote the nodal transverse displacement and the axial coordinate, respectively.
Noticeably, the above W is quadratic which is lower than the cubic W employed in the two-node finite element beam model. The curvature can be obtained as: 
where l ij = X j -X i . The above curvature is used for the node-based element as defined before and the elastic energy in the RF element is
in which EI is the flexural rigidity of the beam and l = l 13 /2 is the element length. The elastic energy of the beam is obtained by summing the elemental elastic energy.
Formulation of Curved RF Beam
Reference [1] does not extend the above straight beam element to curved beam element which, nevertheless, is considered in Reference [11] by a simple projection scheme. Nodes 1 to 3 in Figure   2 are consecutive nodes along an initially curved beam on the X-Z-plane. Point 0 is the projection of node 2 onto the straight line 1-3 and n is the unit vector perpendicular to 1-3. Provided that 1-2-3 remains shallow, the projected coordinates can be used to interpolate the initial and deformed configurations. The curvature change can be obtained in a way similar to that of Eq.(2) as: 11 2 02 02 2 13 10 10 03 03 13 10 10 03 03 33 
where the element length l is taken to be l 13 /2. To take the stretching energy into account, the conventional two-node truss finite element is used.
Imposition of Boundary Conditions
The treatment on the boundary conditions with RF element is not as obvious as that with traditional beam element, since the adjacent nodes of the boundary elements may not exist. In the current approach, slave fictious nodes are employed to impose the boundary conditions similarly as done by Phaal & Calladine [1] . Two cases, i.e., symmetric and free conditions, are considered. The clamped conditions can be modeled by applying the symmetric conditions and by fixing the nodal displacement while the simply supported conditions can be modeled by applying the free conditions and by fixing the nodal displacement.
For the symmetric boundary condition as shown in Figure 3 , a slave node 1', which is the symmetric point of node 1 corresponding to the symmetric boundary, is firstly generated. The displacements of the slave node 1' can be determined according to the symmetric condition, i.e.,
For the free edge condition, it means that the moment is null. Thus, the bending energy is also null. 
LINEAR EXAMPLES
The focus of the previous paper [11] is the shell element formulation and only one example on a linear beam is presented. Here, two straight beam examples previously considered by Flores &
Oñate [8] are examined to illustrate the efficacy of the present formulation.
Simple supported straight beam
This simply supported straight beam is loaded by uniform transverse load as shown in Figure   4 (a). The distributed load over an element is lumped and taken to be the nodal force applied to the central node of the element. Owing to symmetry, half of the beam is modeled with 1, 2, and 4 equal segments. The normalized nodal deflections with respect to the exact midspan deflection are shown Figure 4 (b). It should be remarked that the nodal predictions of Flores & Oñate [8] are computed from the reported deflections at the midpoints of the segments which are taken to be straight in their formulation. Compared with Flores & Oñate's beam element, the present one yields more accurate predictions in this example. 
Cantilever beam
This simple cantilever beam is subjected to a point moment load as shown in Figure 5 (a). Since there is no rotational degree of freedom with RF element, the point moment load cannot be directly applied. However, an equivalent force couple can be applied to the adjacent nodes to replace the point moment as shown in Figure 5 
L-frame
The lower and upper ends of this L-frame are built-in and simply supported as shown in Figure   6 (a). At the junction B of the horizontal and vertical branches, a horizontal force is applied. This example has also been considered by Flores & Oñate [8] . They did not mention the tensile rigidity EA of the two branches. For simplicity, their cross-sections are treated as circular here. In this light, their diameter-to-length ratios are around 17. Two schemes are employed to consider the junction.
The first scheme models the whole frame as a single smooth beam. In other words, the junction is approximated as an arc and a curved RF beam element is used across the junction, which is also the practice of Flores & Oñate [8] . 
NONLINEAR FORMULAION
In this section, the linear formulation is extended to the geometrically nonlinear analysis using a corotational approach. It will be seen that the tangent bending stiffness matrix for the initially straight beam is constant and does not need updating. For the curved beam, the tangent bending stiffness
matrix can also be approximated as constant.
Formulation of Straight Beam
The straight beam formulation is the same as that by Sze & Liu [24] . It is briefly described for completeness. Consider Nodes 1, 2 and 3 along the initial straight beam in Figure 7 . U 1 , U 2 and U 3 are the displacement vectors of Nodes 1, 2 and 3, respectively, and the deformed configuration is 1'-2'-3'. A co-rotated x-z-frame is defined such that its origin is 1' and the x-axis passes thru 3'.
There exists a rigid body displacement U C which brings 1-2-3 to its co-rotated configuration 1'-2 C -
Provided that the axial strain and curvature is small, the displacement from the co-rotated configuration to the deformed configuration is small and closely parallel to the z-axis which defined the unit vector n. Thus, the local transverse displacement w can be obtained as:
and ()
Similar to Eq.(2) and Eq. (3), the bending energy can be quantified as: 22 ( , ) ( ), ( ),
in which, l is taken to be l 13 
As U can be interpolated as a quadratic function of x, 
The first and second derivatives with respective to the vector of nodal displacements U 1..3 are the internal force vector and the tangent bending stiffness matrix, respectively. It can be seen that the latter is a constant matrix which does not require updating in the iterative solution process. To take the axial effect into account, the simple two-node truss element formulated under the total Lagrangian framework is employed. Figure 7 . An initially straight beam segment in nonlinear analysis. 1-2-3, 1'2 C 3 C and 1'-2'-3' are the initial, corotational and deformed configurations, respectively.
Formulation of Curved Beam
The extension from linear to nonlinear formulation of the curved beam is analogous to that of the straight beam. Considering Figure 8 2  2  2  2  10  03  10  10  03  03  3  3 
in which U C is the rigid body co-rotational displacement and L is self-defined. Let 0 and 0 C be the projections of 2 and 2 C onto 1-3 and 1'-3 C , respectively. Then, 02
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where the underlined term vanishes by virtue of Eq.(6); κ 0 is self-defined and is the initial curvature. ()
L n U X n B U + X n B U + X n U U U (15) in which B can be obtained from B in Eq.(11) by replacing l 12 with l 10 and replacing l 23 with l 03 . Hence, the bending energy associated with Node 2 is The tangent bending stiffness matrix can be obtained as the second order derivative of the bending energy. The explicit expression of the matrix would be extremely lengthy due to the complexity of the second order derivative of n. In the previous paper [11] , a simplification by assuming 1-2-3 to be initially straight or  o equal to zero is adopted such that the second derivative of the energy is approximated by the following constant matrix: 13 (18) which, same as that in Eq.(12) for straight beam, requires no updating in the iterative solution process. It should be remarked that the simplification  o = 0 should not be adopted in deriving the first derivative of the energy or the internal force vector which determines the deformed configuration in response to the external force. In examples considered in Reference [24] , the collectively adverse effect of the simplification on the convergence rate is minimal. 
NONLINEAR EXAMPLES
in which || returns the magnitude of the embraced vector. Figure 9 (a) shows a Z-shaped cantilever subjected to a vertical point force at the free end. It contains two horizontal and one inclined branches. The cross section is rectangular. Following the practice of Flores & Oñate [8] and Battini [10] , the cantilever is modeled as a continuous beam, i.e. the sharp bends at 60 and 120 units from the clamped end are treated as arcs with their initial curvatures determined by the nodal spacing. The curves of load versus vertical deflection at the tip yielded by using 9 and 18 segments are plotted in Figure 9 (b). The reference solution is a highly converged one computed by using a large number of Abaqus's two-node plane beam element B21.
Z-shaped Cantilever
It can be seen that the present results are satisfactory. Furthermore, the free end vertical deflections at F = 1263 (in the non-linear region) for different numbers of segment are compared with those obtained by Flores & Oñate [8] and Battini [10] in Table 1 after normalized with 133.09 which is the reference solution used by Battini. The normalized results are listed in Table 1 . All RF elements yield close predictions. The present element and that of Flores & Oñate [8] yield nearly identical predictions. They are less accurate than that of Battini [10] . Nevertheless, the present formulation is far simpler than those of the other two RF elements. 
Built-in Arch

PSUEDO THREE-DIMENSIONAL BEAM FOR CABLE ANALYSIS
EXAMPLES ON CABLES
In this section, the RF cable element will be employed to consider a number of static and dynamic cable problems in References [15, 17] in which only the tensile rigidity EA is considered. In the RF cable element, one also needs to specify the bending stiffness which is highly dependent on its wire distribution, friction and loading of the cable. By assuming the closely-packed distribution for seven wires, two bounding values for the bending rigidity can be computed using the formulae in Reference [25] and the approximate average is
which will be adopted in all the subsequent examples. Some of them will also be considered by Abaqus's B21 or B31 two-node 2D and 3D thin beam elements, respectively. The torsional stiffness of the B31 element will be specified as:
In the last two equations, A stands for the nominal cross-sectional area of the cable.
Same as Section 3.1, the distributed load over a RF element is lumped and taken to be the nodal force applied to the central node of the element. In dynamic analyses, the distributed mass is lumped similarly. Hence, the system mass matrix is diagonal which is a property needed for explicit time integration. Then, the right end is moved to point 2 whilst the loads q and P are also applied. The cable is modeled by 5, 10 and 20 segments or the same numbers of B31 elements. Besides 45 iterations are allowed per load increment, the load increment and iteration strategies are the same as the default settings of Abaqus for nonlinear static analyses. In essence, the convergence criterion is the simultaneous fulfillment of the 0.5% force and 1% displacement tolerance conditions. Moreover, a load increment will be aborted and equally subdivided into four unless the force residue starts to diminish from the fourth iteration onwards and the convergence criterion is met within 45 iterations;
Cable under Gravity and Point Loads
or into two unless the projected force residue can meet the force tolerance requirement before the 45-th iteration from the eighth iteration onwards. On the other hand, if the solution converges within five iterations in two consecutive load increments, the next load increment will be increased Figure 11 . Cable under gravity and a point loads.
In this example, the RF cable method does not require any sub-division in the load increment.
On the other hand, the overall load increment in Abaqus is successively reduced to its 10 -6~1 0 -8 times before the first converged solution can be yielded. Table 2 shows the numbers of load increments and iterations employed before the final loads can be applied. Table 3 shows the final converged displacement components of point 3 which is under the point force. The prediction yielded by using 100 Abaqus elements can be taken as the reference solution. Both the present method and Abaqus yield accurate predictions. However, the former appears to have a higher coarse-mesh accuracy and consumes far less load increments/iterations than the latter. Table 3 also gives the predictions of the catenary and truss elements [15] which ignore the bending and torsional rigidities. 
Static Analysis of a Pretensioned Cable Net
This example was described by Tibert [17] , among others, and also employed in the verification manual of SAP2000 [26] . 
Static Analysis of Cable
The cable in this example was considered by Jayarman & Knudson [15] . half of the cable is modeled due to symmetry. Again, the weight over an element is lumped as the nodal force acting on the central node of the element. Table 5 lists the amount of sag, which is the vertical distance between the anchoring points and the midpoint B of the cable, predicted by the present formulation, Abaqus and a catenary element. The predictions do not differ from each other by more than 1.5%. 
Dynamic Analysis of Cable
In this subsection, the dynamic response of the cable in Figure 13 is studied. With the cable assuming its static equilibrium configuration, a uniform downward load of 35 N/m, which is 10 times of the cable weight, is applied instantaneously. Same as the distributed load, the mass of an element is lumped to its central node and the arrangement is suitable for explicit time integration.
The vertical displacement of point B is computed by modeling half of the cable with different numbers of RF segments and B31 elements. The highest eigen frequencies of these assemblages and the critical time steps estimated by 1/f for stable predictions are given in Table 6 . In particular, result produced by 10-segment assemblage is far closer to the reference solution than that of the 5element assemblage. The prediction of the 20-segment assemblage is included to check using whether more segments would improve the prediction and the result is positive. Figure 15 shows a cable with unstretched length 10 m anchored at two leveled points 10 m apart. The two points are subjected to the same periodic X-displacement sin t where ω = 1 s -1 and ω = 10 s -1 are attempted. A lumped mass M = 100 kg is attached to the midpoint of the cable. The cable properties as well as the treatments for the distributed gravity load and the mass are the same as those in the last example. The cable is modeled by 12 and 40 RF-segments as well as 6 and 40 B31 elements. The highest eigen frequencies and the estimated critical time steps are given in Table   7 . Similar to the last subsection, the time step for the 6-element assemblages are taken to be 0.06 ms which again is approximately one-third of the estimated critical time steps. However, Abaqus fails with the warning message "excessively distorted element" returned. The warning message disappears when the time step is reduced to 0.0091 ms. The purpose of the 40-element assembly is to obtain a reference solution. However, the warning message "excessively distorted element" keeps appearing even when the time step is taken to be 0.000 01 ms. Further reducing the time step leads
Cable subjected to periodic ground motion
to "system error". On the other hand, both the 12 and 40 RF-segments are able to produce predictions with the time steps slightly lower than the estimated critical time steps. Figure 15 . A cable with a concentrated mass M = 100 kg attached to its midpoint. X-displacement of the concentrated mass at two driving frequencies  = 1 s -1 and  = 10 s -1 is predicted. issue in three-dimensional problems. As the cable motion should be confined in the X-Z-plane, the Y-displacement, X-rotation and Z-rotation of all the beam elements are restrained. After applying the constraints, the problem becomes planar. The restrained beam assemblages are able to produce prediction with the time steps as guarded by the estimated critical time steps which remains unchanged.
(a) (b) Figure 16 . The predicted X-displacement of the 100 kg mass in Figure 15 for When ω = 10 s -1 , the result produced by the 12-segment assemblage is clearly closer to the reference solution, produced by the 40-element assemblage, than the 6-element assemblage.
CLOSURE
A simple rotation-free beam element formulation previously developed by the authors is re-visited and extended to a pseudo 3D formulation for the spatial cable analyses. Comparing with other rotation-free beam elements, the present one is probably the simplest but its accuracy is competitive.
By using a corotational approach, a geometrically nonlinear formulation can be achieved. For It should be mentioned that the major advantage of the present rotation-free beam element is its efficiency in terms of the large tolerable load increment, large stable time step and absence of the finite rotational problem. Its plate/shell counterpart has been applied to fabric drape simulation in which the finite element method has rarely gained any success [11, 27] . Other rotation-free plate/shell elements have been applied to metal forming problems and drap simulation [6, 7] . The simplicity and efficiency of the present rotation-free framework are restricted to small strain problem. Inclusion of large strains needs to be further explored.
